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The k-ME concurrence as a measure of multipartite entanglement (ME) unambiguously detects all
k-nonseparable states in arbitrary dimensions, and satisfies many important properties of an entan-
glement measure. Negativity is a simple computable bipartite entanglement measure. Invariant and
tangle are useful tools to study the properties of the quantum states. In this paper we mainly in-
vestigate the internal relations among the k-ME concurrence, negativity, polynomial invariants, and
tangle. Strong links between k-ME concurrence and negativity as well as between k-ME concurrence
and polynomial invariants are derived. We obtain the quantitative relation between k-ME (k=n)
concurrence and negativity for all n-qubit states, give a exact value of the n-ME concurrence for the
mixture of n-qubit GHZ states and white noise, and derive an connection between k-ME concurrence
and tangle for n-qubit W state. Moreover, we find that for any 3-qubit pure state the k-ME concur-
rence (k=2, 3) is related to negativity, tangle and polynomial invariants, while for 4-qubit states the
relations between k-ME concurrence (for k=2, 4) and negativity, and between k-ME concurrence and
polynomial invariants also exist. Our work provides clear quantitative connections between k-ME
concurrence and negativity, and between k-ME concurrence and polynomial invariants.
I. INTRODUCTION
Quantum entanglement [1] underlies most nonclassical features of quantum physics, meanwhile it is also
a key resource for showing quantum superiority in various information processing tasks, such as quantum
cryptography [2], quantum teleportation [3, 4], quantum dense coding [5], and quantum metrology [6]. Over
the past three decades, quantum entanglement has attracted unprecedented attentions. Great progress has been
made in the characterization and quantification of entanglement in quantum-information science, and a number
of entanglement measures are proposed for bipartite states [7].
Concurrence is one of the most well-accepted entanglement measures. Bennett et al. [8] first introduced it as
an auxiliary tool to calculate the entanglement of formation for Bell-diagonal two-qubit states. Subsequently,
concurrence was proposed as an entanglement measure for two-qubit states by Wootters et al. who derived
computable formulas for concurrence and entanglement of formation in the two-qubit case [9, 10]. Later,
generalization to the bipartite higher-dimensional systems [11] as well as for multipartite systems [12] were pre-
sented. Gao et al. introduced a generalized concurrence, k-ME concurrence [13], as a multipartite entanglement
(ME) measure for arbitrary high dimensional multipartite systems. The k-ME concurrence is well-defined, and
satisfies important characteristics of an entanglement measure, such as entanglement monotone, vanishing on
all k-separable states, invariant under local unitary transformations, subadditivity, convexity, and strictly greater
than zero for k-nonseparable states, etc [13]. k-ME concurrence as a measure of multipartite k inseparability, can
unequivocally detects all k-nonseparable states in arbitrary dimensions [14, 15]. Subsequently, Gao et al. gave a
lower bound of k-ME concurrence by using the permutation invariance part of a state, which can be applied to
arbitrary multipartite systems [16].
Negativity is another celebrated bipartite entanglement measure for pure and mixed states because of its
simplicity and versatility. It was firstly shown by Vidal and Werner in 2002 [17]. For a general state ρ with
positive-semidefinite unit-trace on HA
⊗HB, the negativity is defined as: N(ρ) = 12 (||ρTA ||1 − 1), where ρTA
denotes the partial transpose of ρ with respect to the subsystem A, and ||X||1 = Tr
√
X†X is the trace norm (i.e.
the sum of all singular values) of matrix X. Note that the negativity of ρ is also the absolute value of the sum of
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2the negative eigenvalues of partial transpose ρTA [17]. For the 2
⊗
2 and 2
⊗
3 systems, it vanishes if and only if
ρAB is separable [18]. Nevertheless, the negativity fails to recognize entanglement in a positive partial transpose
(PPT) state [19]. To compensate for this insufficiency, Lee et al. presented an extended negativity on mixed
states, which is called the convex-roof extended negativity (CREN) [20]. The CREN is nonzero iff the state is
entangled [20]. Negativity is an entanglement monotone [21], and always a lower bound to the CREN. Consider
an n-party state ρ on Hilbert space H = HA1
⊗HA2⊗ · · ·⊗HAn , one may use the global negativity [7, 22] to
measure the entanglement of subsystem Ai with its complement in a bipartite split of the composite system.
Classification of entanglement is a significant task of quantum information, which can help in recognizing
similarity between different entangled states [23]. Meanwhile it is useful to boost the practicabilities of quantum
information protocols. Entanglement classification arouses continuous attentions [24–29]. Polynomial invariants
are important factors in research on entanglement classification and quantification. Linden et al. had shown
that for a state there is an infinite set of polynomial functions, which is invariant under local unitary (LU)
transformations [30]. Then polynomial invariants are regarded as indicators on the space of entanglement types.
It is clear that a measure of entanglement is a function on the space of states of a multiparticle system which is
invariant under local unitary operators [31]. That is , any measure of entanglement for multiparticles must be a
function of the invariants. It means that polynomial invariants are close connected to entanglement measures.
Tangle is an invariant but is not a valid entanglement measure. It is an essential index to describe the
properties of a state. The 3-tangle is maximal for the GHZ state but vanishes for the W state. This means
that the three-tangle is not suitable as a measure of entanglement. The 3-tangle reveals the existence of two
inequivalent kinds of genuine tripartite entanglement for pure three-qubit states [23].
The k-ME concurrence, negativity, tangle, and polynomial invariant are all used to characterize quantum
entanglement. It is then legitimate to ask what is the internal link between each other? In this paper we provide
mathematically rigorous approach to resolve the above question.
This paper is organized as follows. In Sec.II we review the definitions of k-ME concurrence, negativity, and
tangle. In Sec.III we give a general relation between k-ME (k=n) concurrence and negativity for n-qubit states,
and obtain a exact value of the n-ME concurrence for the mixture of n-qubit GHZ states and white noise. Then
we derive quantitative connections among k-ME concurrence, negativity, tangle, and polynomial invariant for 3-
qubit states in Sec.IV, and for the nine families of four-qubit states under stochastic local operations and classical
communication (SLOCC) in Sec.V. In Sec.VI, we illustrate the link between k-ME concurrence and tangle for
n-qubit W state. Finally, we summarize our results in Sec.VII.
II. PRELIMINARIES
Before stating the main results, we firstly introduce some necessary concepts and notations that will be used in
this paper. Let H = H1⊗H2⊗ · · ·⊗Hn be the state space, where Hi is a complex Hilbert space with dimHi =
di (i = 1, 2, · · · , n). A k-partition A1|A2| · · · |Ak of n quantum subsystems means that the set {A1, A2, · · · , Ak} is
a collection of pairwise disjoint nonempty subsets of {1, 2, · · · , n}, and the union of all sets in {A1, A2, · · · , Ak}
is {1, 2, · · · , n} (disjoint union ∪ki=1Ai = {1, 2, · · · , n}). An n-partite pure state |ψ〉 ∈ H1
⊗H2⊗ · · ·⊗Hn is
said to be k-separable [13, 15], if there exists a k-partition A1|A2| · · · |Ak of {1, 2, · · · , n} such that
|ψ〉 = |ψ1〉A1 |ψ2〉A2 · · · |ψk〉Ak ,
where |ψi〉Ai is a pure state of HAi . An n-partite mixed state ρ is k-separable if it can be written as a convex
combination of k-separable pure states,
ρ = ∑
i
pi|ψi〉〈ψi|,
where pi ≥ 0, ∑i pi = 1. Here |ψi〉 may be k-separable with respect to different k-partitions.
k-ME concurrence [13] is an entanglement measure of arbitrary high-dimensional multipartite systems. For
3an n-partite pure state |ψ〉 ∈ H1 ⊗H2 ⊗ · · · ⊗ Hn, the k-ME concurrence of |ψ〉 is defined as
Ck−ME(|ψ〉) = min
A
√√√√√√√√2

1−
k
∑
t=1
Tr(ρ2At)
k

 = minA
√√√√√2 k∑
t=1
[
1− Tr(ρ2At)
]
k
, (1)
where the minimum is taken over all possible k-partitions A = A1|A2| · · · |Ak of {1, 2, · · · , n} and
ρAt = TrA¯t(|ψ〉〈ψ|) denotes the reduced density matrix of subsystem At (A¯t is the complement of At in
{1, 2, · · · , n}).
Suppose that ρ is an n-partite state on H1 ⊗H2 ⊗ · · · ⊗Hn with dimHp = dp. Global negativity [7, 22] is
Np =
1
dp − 1 (||ρ
Tp||1 − 1) = − 2
dp − 1 ∑i
λ
p−
i , (2)
herein ρTp is the partial transpose with respect to the pth subsystem, ||ρ||1 is the trace norm of ρ, and λp−i are
the negative eigenvalues of ρTp . Note that we only consider the situation dp = 2 (p = 1, 2, · · · , n) throughout the
paper, and thereby the formula (2) can be rewritten
Np = ||ρTp ||1 − 1 = −2∑
i
λ
p−
i (3)
for qubit systems.
For a two-qubit pure state |ψAB〉, the tangle (or one tangle) is defined as [32, 33]
τ(|ψ〉A|B) = 4 det ρA, (4)
where ρA = TrB|ψ〉AB〈ψ| is the reduced density matrix. For a two qubit mixed state ρAB, with pure state
decomposition ρAB = ∑i pi|ψi〉〈ψi|, the tangle (or two tangle) is
τ(ρA|B) = [ min{pi,|ψi〉}
∑
i
pi
√
τ(|ψi〉A|B)]2, (5)
where the minimization is taken over all possible pure state decompositions.
For any three-qubit pure state |ψABC〉, three-tangle [33] is defined as
τ(|ψ〉A|B|C) = τ(|ψ〉A|BC)− τ(ρA|B)− τ(ρA|C), (6)
where τ(|ψ〉A|BC) is the one-tangle of pure state |ψABC〉 quantifying the bipartite entanglement between sub-
systems A and BC. τ(ρA|B) (or τ(ρA|C)) is the two-tangle of reduced states ρAB = TrC(|ψ〉ABC〈ψ|) (or
ρAC = TrB(|ψ〉ABC〈ψ|)). The three-tangle is a good measure of genuine three-qubit entanglement.
III. RELATIONS BETWEEN THE k-ME CONCURRENCE AND NEGATIVITY FOR n-QUBIT STATES
A pure dA
⊗
dB (dA ≤ dB) quantum state |ψ〉 has the standard Schmidt decomposition [34]
|ψ〉 = ∑
i
√
λi|iAiB〉,
where
√
λi (i = 1, 2, · · · , dA) are the Schmidt coefficients, |iA〉 and |iB〉 are the orthonormal basis in HA and HB
respectively. ρ = |ψ〉〈ψ| = ∑ij
√
λiλj|iAiB〉〈jA jB| is the density operator of |ψ〉. The concurrence of |ψ〉 is
C(|ψ〉) =
√
2(1− Trρ2A) =
√
2(1−∑
i
λ2i ) =
√
4∑
i<j
λiλj.
4The negativity of |ψ〉 is
N(|ψ〉) = ||ρTA ||1 − 1 = 2∑
i<j
√
λiλj.
If the Schmidt rank (the number of non-zero values λi) of |ψ〉 is 2, we obtain a equality relation
N(|ψ〉) = C(|ψ〉). (7)
For any n-qubit pure state ρ12···n, Cp|A(ρ) is the concurrence of the state ρ12···n which is viewed as a bipartite
state under the partition p and A. Here A = {1, 2, · · · , n}\{p} and p = 1, 2, · · · , n. Then the global negativity
and concurrence have relation
Np(ρ) = Cp|A(ρ) =
√
2[1− Tr(ρ2p)]. (8)
Thus, we obtain the relation between k-ME concurrence (k=n) and negativity for all the n-qubit pure states
Cn−ME(|ψ〉) =
√
(N1)2 + (N2)2 + · · ·+ (Nn)2
n
. (9)
While for any n-qubit mixed states ρ, we have
Cn−ME(ρ) ≥
√
(N1)2 + (N2)2 + · · ·+ (Nn)2
n
. (10)
This can be seen as follows: Let ρ = ∑i pi|ψi〉〈ψi| be an optimal decomposition such that
Cn−ME(ρ) = ∑
i
piCn−ME(|ψi〉).
Then we get
Cn−ME(ρ) = 1√n ∑i pi{∑nj=1[N j(|ψi〉)]2}
1
2
≥ 1√
n
{∑nj=1[∑i piN j(|ψi〉)]2}
1
2
≥ 1√
n
{∑nj=1[N j(ρ)]2}
1
2 ,
(11)
which is the desired result. Here in the first inequality we have used the fact that, for nonnegative real numbers
xij, ∑i(∑j x
2
ij)
1
2 ≥ [∑j(∑i xij)2]
1
2 , and the second inequality because of the convex property of negativity.
The lower bound of n-ME concurrence Cn−ME(ρ) in Eq.(10) is tight. The inequality (10) can be saturated not
only for all pure n-qubit states but also for some mixed states.
Example. Consider the family of n-qubit states, the n-qubit GHZ states mixed with white noise,
ρG(t) =
1− t
2n
I + t|GHZn〉〈GHZn|
where |GHZn〉 = 1√
2
(|00 · · · 0〉+ |11 · · · 1〉).
If t ≥ 1
2n−1+1 , then negativities of ρ are
N1 = N2 = · · · = Nn = (2
n−1 + 1)t− 1
2n−1
. (12)
Combining it with Eq.(10), there is
Cn−ME(ρG(t)) ≥ (2
n−1 + 1)t− 1
2n−1
, t ∈ [ 1
2n−1 + 1
, 1], (13)
5which shows that ρG(t) is entangled (not n-separable, or not fully separable) if t > 1
2n−1+1 [13]. Note that for
t = 1, this lower bound is equal to the n-ME concurrence of the pure n-qubit GHZ state |GHZn〉. This means that
the criterion from Eq.(10) constitutes a necessary and sufficient criterion for entanglement for the family of states
ρG(t), since it is known that ρG(t) are fully separable (n-separable) iff 0 ≤ t ≤ 1
2n−1+1 [35, 36]. Because n-ME
concurrence is a convex function [13] and this bound coincides with the exact value on the points t = 1
2n−1+1 and
t = 1, the bound equals the exact value on the whole interval t ∈ [ 1
2n−1+1 , 1], that is, we derive
Cn−ME(ρG(t)) =
(2n−1 + 1)t− 1
2n−1
, t ∈ [ 1
2n−1 + 1
, 1], (14)
for the mixture of n-qubit GHZ states and white noise.
IV. RELATIONS AMONG THE k-ME CONCURRENCE, NEGATIVITY, TANGLE, AND POLYNOMIAL INVARIANTS
FOR THREE QUBIT STATES
In this section, we consider the system of three spin-1/2 particles, and study the relations among k-ME
concurrence, negativity, tangle, and polynomial invariants for 3-qubit states.
A. Relationship between k-ME concurrence and negativity for 3-qubit states
For any three-qubit pure state |ψ〉 ∈ C2A
⊗ C2B⊗ C2C, from Eq.(8) we obtain the global negativity of |ψ〉,
NA =
√
2[1− Tr(ρ2A)], NB =
√
2[1− Tr(ρ2B)], NC =
√
2[1− Tr(ρ2C)],
where ρX (X = A, B,C) are the reduced density operators of ρ = |ψ〉〈ψ| with respect to the subsystem X. By
the definition of k-ME concurrence, one can easily get the following relations between k-ME concurrence (k=2,
3) and negativities for 3-qubit state |ψ〉
C2−ME(|ψ〉) = min{NA, NB, NC},
C3−ME(|ψ〉) =
√
(NA)2+(NB)2+(NC)2
3 .
(15)
B. Relationship among k-ME concurrence, tangle, and polynomial invariants for 3-qubit states
In the invariant theory, for a 3-qubit state |ψ〉, there are one independent invariant of degree two [37, 38]
I2 = 〈ψ|ψ〉,
and four algebraically independent invariants of degree four
I
(1)
4 = 〈ψ|ψ〉2, I
(2)
4 = Tr(ρ
2
A), I
(3)
4 = Tr(ρ
2
B), I
(4)
4 = Tr(ρ
2
C). (16)
Sudbery [37] had shown that these polynomial invariants have relations with all 2-tangles and the 3-tangle
[32, 33], such as
τAB = 1− I(2)4 − I
(3)
4 + I
(4)
4 − 12τABC,
τAC = 1− I(2)4 + I
(3)
4 − I
(4)
4 − 12τABC,
τBC = 1+ I
(2)
4 − I
(3)
4 − I
(4)
4 − 12τABC.
(17)
The combination of Eq.(1), Eq.(16), and Eq.(17) gives the formulae for 2-ME concurrence and 3-ME concurrence
of three-qubit states in terms of all three 2-tangles and polynomial invariants
C2−ME(|ψ〉) =
√
2(I2−max{I(m)4 |m=2,3,4}),
C3−ME(|ψ〉) =
√
2
3 (3I2 − I(2)4 − I(3)4 − I(4)4 )
=
√
2
3 (τAB + τAC + τBC) + τABC.
6V. RELATIONS AMONG THE k-ME CONCURRENCE, NEGATIVITY, AND POLYNOMIAL INVARIANTS FOR
FOUR-QUBIT STATES
A. Relationship between k-ME concurrence and polynomial invariants for 4-qubit states
Let |ψ〉 ∈ C2A
⊗ C2B⊗ C2C⊗ C2D be a 4-qubit pure state, then there exists one local invariant of degree two [30]
I2 = 〈ψ|ψ〉, (18)
and seven degree-4 independent invariants
I
(1)
4 = Tr(ρ
2
D), I
(2)
4 = Tr(ρ
2
C), I
(3)
4 = Tr(ρ
2
B),
I
(4)
4 = Tr(ρ
2
A), I
(5)
4 = Tr(ρ
2
AD), I
(6)
4 = Tr(ρ
2
BD),
I
(7)
4 = Tr(ρ
2
CD).
(19)
From Eqs.(1) and (19), we get following relations for a 4-qubit state
C2−ME(|ψ〉) =
√
2(I2 −max{I(m)4 |m=1,2,··· ,7}),
C4−ME(|ψ〉) =
√
4I2−I(1)4 −I
(2)
4 −I
(3)
4 −I
(4)
4
2 ,
and
C3−ME(|ψ〉) = min{
√
2
3 (3I2 − I(4)4 − I
(3)
4 − I
(7)
4 ),
√
2
3 (3I2 − I(4)4 − I
(2)
4 − I
(6)
4 ),√
2
3 (3I2 − I
(4)
4 − I
(1)
4 − I
(5)
4 ),
√
2
3 (3I2 − I
(3)
4 − I
(2)
4 − I
(5)
4 ),√
2
3 (3I2 − I
(3)
4 − I
(1)
4 − I
(6)
4 ),
√
2
3 (3I2 − I
(2)
4 − I
(1)
4 − I
(7)
4 ) }.
B. Relationship between k-ME concurrence and negativity for 4-qubit states
For a normalized 4-qubit state ρ, the 4-ME concurrence and negativity have the relation
C4−ME(ρ) ≥
√
(N1)2 + (N2)2 + (N3)2 + (N4)2
4
, (20)
with equality for all 4-qubit pure states.
Verstraete [39] investigated the behavior of a single copy of a pure four-qubit state under the action of stochastic
local quantum operations assisted by classical communication (SLOCC), and proved that there exist nine families
of states corresponding to nine different ways of entangling for four-qubits:
Gabcd =
a+d
2 (|0000〉+ |1111〉) + a−d2 (|0011〉+ |1100〉) + b+c2 (|0101〉+ |1010〉) + b−c2 (|0110〉+ |1001〉),
Labc2 =
a+b
2 (|0000〉+ |1111〉) + a−b2 (|0011〉+ |1100〉) + c(|0101〉+ |1010〉) + |0110〉,
La2b2 = a(|0000〉+ |1111〉) + b(|0101〉+ |1010〉) + |0110〉+ |0011〉,
Lab3 = a(|0000〉+ |1111〉) + a+b2 (|0101〉+ |1010〉) + a−b2 (|0110〉+ |1001〉)
+ i√
2
(|0001〉+ |0010〉+ |0111〉+ |1011〉),
La4 = a(|0000〉+ |0101〉+ |1010〉+ |1111〉) + (i|0001〉+ |0110〉 − i|1011〉),
La203⊕ 1¯ = a(|0000〉+ |1111〉) + |0011〉+ |0101〉+ |0110〉,
L05⊕ 3¯ = |0000〉+ |0101〉+ |1000〉+ |1110〉,
L07⊕ 1¯ = |0000〉+ |1011〉+ |1101〉+ |1110〉,
L03⊕ 1¯03⊕ 1¯ = |0000〉+ |0111〉,
(21)
7where a, b, c, and d are the same as in [39].
(I) For L03⊕ 1¯03⊕ 1¯ , let
|ψ9〉 =
L03⊕ 1¯03⊕ 1¯
||L03⊕ 1¯03⊕ 1¯ ||
=
1√
2
(|0000〉+ |0111〉).
Obviously, |ψ9〉 is a 2-separable state, thus we have
C2−ME(|ψ9〉) = 0. (22)
Note that √
2
3 (1− Trρ21 + 1− Trρ22 + 1− Trρ234) =
√
2
3 ,√
2
3 (1− Trρ21 + 1− Trρ23 + 1− Trρ224) =
√
2
3 ,√
2
3 (1− Trρ21 + 1− Trρ24 + 1− Trρ223) =
√
2
3 ,√
2
3 (1− Trρ22 + 1− Trρ23 + 1− Trρ214) = 1,√
2
3 (1− Trρ22 + 1− Trρ24 + 1− Trρ213) = 1,√
2
3 (1− Trρ23 + 1− Trρ24 + 1− Trρ212) = 1,
(23)
where ρ = |ψ9〉〈ψ9| , and ρA is the reduced density operator of subsystem A⊆ {1, 2, 3, 4}, then 3-ME concurrence
of |ψ9〉 is the minimum of Eq.(23), that is
C3−ME(|ψ9〉) =
√
2
3
.
According to definition Eq.(1), 4-ME concurrence is
C4−ME(|ψ9〉) =
√
2
4 (1− Trρ21 + 1− Trρ22 + 1− Trρ23 + 1− Trρ24)
=
√
2
4 (0+
1
2 +
1
2 +
1
2 ) =
√
3
2 .
(24)
The negativities of |ψ9〉 are
N1 = ||ρT1 ||1 − 1 = 0, N2 = ||ρT2 ||1 − 1 = 1,
N3 = ||ρT3 ||1 − 1 = 1, N4 = ||ρT4 ||1 − 1 = 1.
(25)
From Eqs.(22) and (25), one can get the following relation for |ψ9〉
C2−ME(|ψ9〉) = min{N1, N2, N3, N4}. (26)
(II) We show the relation between 2-ME concurrence and negativity for
L07
⊕
1¯
||L07⊕ 1¯ ||
in an analogous way. Suppose
|ψ8〉 =
L07⊕ 1¯
||L07⊕ 1¯ ||
=
1
2
(|0000〉+ |1011〉+ |1101〉+ |1110〉).
Since there are seven 2-partitions for four qubits, then 2-ME concurrence of ρ = |ψ8〉〈ψ8| is the minimum of√
1− Tr(ρ2At) + 1− Tr(ρ2A¯t), taking over all possible 2-partitions. We can easily obtain
C2−ME(|ψ8〉) =
√
3
2
. (27)
By Eq.(1), one also has
C3−ME(|ψ8〉) = 1,
C4−ME(|ψ8〉) =
√
15
4 .
(28)
8From Eq.(3), there are
N1 = 2Σi|λ1−i | =
√
3
2 , N
2 = 2Σi|λ2−i | = 1,
N3 = 2Σi|λ3−i | = 1, N4 = 2Σi|λ4−i | = 1,
(29)
where λ
p−
i is the negative eigenvalue of ρ
Tp ( ρTp is the partial transpose of ρ = |ψ8〉〈ψ8| with respect to the pth
subsystem ). Combining Eqs.(27) and (29), there is
C2−ME(|ψ8〉) = min{N1, N2, N3, N4}. (30)
(III) For 4-qubit state L05⊕ 3¯ , computing the k-ME concurrence and negativity, then a similar relation can be
given.
Let
|ψ7〉 =
L05⊕ 3¯
||L05⊕ 3¯ ||
=
1
2
(|0000〉+ |0101〉+ |1000〉+ |1110〉).
After some simple calculations, one have
C2−ME(|ψ7〉) =
√
3
2 ,
C3−ME(|ψ7〉) =
√
5
6 ,
C4−ME(|ψ7〉) =
√
13
4 .
(31)
The negativities of |ψ7〉 are
N1 =
√
3
2
, N2 = 1, N3 =
√
3
2
, N4 =
√
3
2
. (32)
It follows that
C2−ME(|ψ7〉) = min{N1, N2, N3, N4}. (33)
(IV) We compute the k-ME concurrence and negativity of La203⊕ 1¯ . Let
|ψ6〉 =
La203⊕ 1¯
||La203⊕ 1¯ ||
=
1√
2|a|2 + 3 (a|0000〉+ a|1111〉+ |0011〉+ |0101〉+ |0110〉).
Through some tedious computing, one gets
C2−ME(|ψ6〉) =
√
1− 9
(2|a|2+3)2 ,
C3−ME(|ψ6〉) =
√
1− 11−4|a|2
3(2|a|2+3)2 ,
C4−ME(|ψ6〉) =
√
1− 3
(2|a|2+3)2 .
(34)
The negativities of |ψ6〉 are
N1 =
√
1− 9
(2|a|2 + 3)2 , N
2 = N3 = N4 =
√
1− 1
(2|a|2 + 3)2 . (35)
From Eqs.(34) and (35), we obtain
C2−ME(|ψ6〉) = min{N1, N2, N3, N4}. (36)
9(V) For La4 , suppose
|ψ5〉 = La4||La4 ||
=
1√
4|a|2 + 3 [a(|0000〉+ |0101〉+ |1010〉+ |1111〉) + i|0001〉+ |0110〉 − i|1011〉],
then
C2−ME(|ψ5〉) = min{2
√
4|a|4 + 6|a|2 + 2
4|a|2 + 3 ,
2
√
12|a|2 + 2
4|a|2 + 3 }. (37)
If |a|2 ≤ 32 , then
C2−ME(|ψ5〉) = 2
√
4|a|4 + 6|a|2 + 2
4|a|2 + 3 ; (38)
if |a|2 > 32 ,
C2−ME(|ψ5〉) = 2
√
12|a|2 + 2
4|a|2 + 3 . (39)
The 3-ME concurrence of |ψ5〉 is
C3−ME(|ψ5〉) = min{
√
7
6
− 7+ 24|a|
2
6(4|a|2 + 3)2 ,
√
4
3
− 2(16|a|
4 + 6)
3(4|a|2 + 3)2 }. (40)
If 3−
√
3
6 ≤ |a|2 ≤ 3+
√
3
6 ,
C3−ME(|ψ5〉) =
√
7
6
− 7+ 24|a|
2
6(4|a|2 + 3)2 ; (41)
if |a|2 > 3+
√
3
6 or 0 ≤ |a|2 ≤ 3−
√
3
6 ,
C3−ME(|ψ5〉) =
√
4
3
− 2(16|a|
4 + 6)
3(4|a|2 + 3)2 . (42)
The 4-ME concurrence of |ψ5〉 is
C4−ME(|ψ5〉) =
√
1− 1
(4|a|2 + 3)2 . (43)
The negativities for ρ = |ψ5〉〈ψ5| are
N1 = N2 = N3 = N4 =
√
1− 1
(4|a|2 + 3)2 . (44)
It implies that if |a|2 ≤ 32 , then
C2−ME(|ψ5〉) = min{N1, N2, N3, N4}. (45)
(VI) Let
|ψ4〉 =
Lab3
‖Lab3‖
=
1√
3|a|2 + |b|2 + 2 [a(|0000〉+ |1111〉) +
a + b
2
(|0101〉+ |1010〉)].
By some tedious computing, one can get the k-ME concurrence (k = 2, 3) for |ψ4〉 are
C2−ME(|ψ4〉) = min{
√
1− 1+8|a|2
(3|a|2+|b|2+2)2 ,
√
2− M+1+8|a|2
(3|a|2+|b|2+2)2 },
C3−ME(|ψ4〉) =
√
4
3 − M+3+24|a|
2
3(3|a|2+|b|2+2)2 ,
C4−ME(|ψ4〉) =
√
1− 1+8|a|2
(3|a|2+|b|2+2)2 ,
(46)
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where
M = max{ 6|a|4 + 2|b|4 + 8|a|2 + 3,
|a+b|4
4 +
|a−b|4
4 + |3a + b|2 + |a− b|2 + 4|a|4 − 2|a|2 + 2|b|2 + 2
+ 2|a|2|a + b|2 + [(a + b)a∗ + a(a + b)∗ + 1]2,
|a+b|4
4 +
|a−b|4
4 + |3a − b|2 + |a + b|2 + 4|a|4 − 2|a|2 + 2|b|2 + 2
+ 2|a|2|a− b|2 + [(a − b)a∗ + a(a − b)∗ + 1]2}.
The negativities of |ψ4〉 are
N1 = N2 = N3 = N4 =
√
1− 1+ 8|a|
2
(3|a|2 + |b|2 + 2)2 . (47)
Hence if (3|a|2 + |b|2 + 2)2 ≥ M,
C2−ME(|ψ4〉) = min{N1, N2, N3, N4}.
(VII) For La2b2 , let
|ψ3〉 =
La2b2
||La2b2 ||
=
1√
2|a|2 + 2|b|2 + 2 [a(|0000〉+ |1111〉) + b(|0101〉+ |1010〉) + |0110〉+ |0011〉].
Simple algebra shows that
C2−ME(|ψ3〉) = min{
√
1− 1
(|a|2 + |b|2 + 1)2 ,
√
1− 1
(|a|2 + |b|2 + 1)2 +
2|a|2 + 2|b|2− (ab∗ + a∗b)2
(|a|2 + |b|2 + 1)2 }, (48)
C3−ME(|ψ3〉) = min{
√
1− 1
3(|a|2+|b|2+1)2 +
2|a|2|b|2
3(|a|2+|b|2+1)2 ,√
1− 1
(|a|2+|b|2+1)2 +
2|a|2+2|b|2−(a∗b+ab∗)2
3(|a|2+|b|2+1)2 },
(49)
C4−ME(|ψ3〉) =
√
1− 1
2(|a|2 + |b|2 + 1)2 . (50)
The negativities of |ψ3〉 are
N1 = N3 =
√
1− 1
(|a|2+|b|2+1)2 ,
N2 = N4 = 1,
(51)
Therefore, for |ψ3〉 one has
C2−ME(|ψ3〉) = min{N1, N2, N3, N4}
if 2|a|2 + 2|b|2 − (ab∗ + a∗b)2 ≥ 0.
(VIII) For state Labc2 , let
|ψ2〉 = Labc2||Labc2 ||
= 1√|a|2+|b|2+2|c|2+1 [
a+b
2 (|0000〉+ |1111〉) + a−b2 (|0011〉+ |1100〉)
+c(|0101〉+ |1010〉) + |0110〉].
Then
C2−ME(|ψ2〉) = min{
√
1− 1
(|a|2+|b|2+2|c|2+1)2 ,
√
4(|c|4+|a|2|b|2+2|a|2|c|2+2|b|2|c|2+|a|2+|b|2)
(|a|2+|b|2+2|c|2+1)2 ,√
1− 2−t+(ab∗+a∗b)2+(ab∗+a∗b)(8|c|2−4)+2(a+b)2(c∗)2+2[(a+b)∗]2c2
2(|a|2+|b|2+2|c|2+1)2 ,√
1− 2−t+(ab∗+a∗b)2−(ab∗+a∗b)(8|c|2−4)+2(a−b)2(c∗)2+2[(a−b)∗]2c2
2(|a|2+|b|2+2|c|2+1)2 },
(52)
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C3−ME(|ψ2〉) = min{
√
2
3 +
4(|c|4+|a|2|b|2+2|a|2|c|2+2|b|2|c|2+|a|2+|b|2)−2
3(|a|2+|b|2+2|c|2+1)2 ,√
1− 6−t+(ab∗+a∗b)2+(ab∗+a∗b)(8|c|2−4)+2(a+b)2(c∗)2+2[(a+b)∗]2c2
6(|a|2+|b|2+2|c|2+1)2 ,√
1− 6−t+(ab∗+a∗b)2−(ab∗+a∗b)(8|c|2−4)+2(a−b)2(c∗)2+2[(a−b)∗]2c2
6(|a|2+|b|2+2|c|2+1)2 },
(53)
C4−ME(|ψ2〉) =
√
1− 1
(|a|2 + |b|2 + 2|c|2 + 1)2 , (54)
where t = |a|4 + |b|4 + 2|a|2|b|2 + 8|c|2.
The negativities are
N1 = N2 = N3 = N4 =
√
1− 1
(|a|2 + |b|2 + 2|c|2 + 1)2 . (55)
Thus one can get relation for |ψ2〉
C2−ME(|ψ2〉) = min{N1, N2, N3, N4}
if the coefficients of |ψ2〉 satisfy following inequation

t − (ab∗ + a∗b)2 ≥ (8|c|2 − 4)(ab∗ + ba∗) + 2(a + b)2(c∗)2 + 2[(a + b)∗]2c2
t − (ab∗ + a∗b)2 ≥ (−8|c|2 + 4)(ab∗ + ba∗) + 2(a− b)2(c∗)2 + 2[(a− b)∗]2c2
|a|4 + |b|4 + 4|c|2 ≤ 2|a|2|b|2 + 4|a|2|c|2 + 4|c|2|b|2 + 2|a|2 + 2|b|2.
(56)
(IX) Given Gabcd, let
|ψ1〉 = Gabcd‖Gabcd‖
= 1√|a2|+|b|2+|c|2+|d|2 [
a+d
2 (|0000〉+ |1111〉) + a−d2 (|0011〉+ |1100〉)
+ b+c2 (|0101〉+ |1010〉) + b−c2 (|0110〉+ |1001〉)].
By tedious computing, we derive
C2−ME(|ψ1〉) = min{
√
2− 2(|a|4+|b|4+|c|4+|d|4)
(|a|2+|b|2+|c|2+|d|2)2 ,
√
2− x
4(|a|2+|b|2+|c|2+|d|2)2 ,√
2− y
4(|a|2+|b|2+|c|2+|d|2)2 , 1 },
(57)
C3−ME(|ψ1〉) = min{
√
4
3 − 2(|a|
4+|b|4+|c|4+|d|4)
3(|a|2+|b|2+2|c|2+1)2 ,
√
4
3 − x12(|a|2+|b|2+|c|2+|d|2)2 ,√
4
3 − y12(|a|2+|b|2+|c|2+|d|2)2 },
(58)
C4−ME(|ψ1〉) = 1, (59)
N1 = N2 = N3 = N4 = 1. (60)
Here
x ≡ (|a + d|2 + |b + c|2)2 + (|a− d|2 + |b − c|2)2 + [(a + d)(b + c)∗ + (b + c)(a + d)∗]2
+[(a − d)(b− c)∗ + (b− c)(a− d)∗]2,
y ≡ (|a + d|2 + |b − c|2)2 + (|a− d|2 + |b + c|2)2 + [(a + d)(b− c)∗ + (b− c)(a + d)∗]2
+[(a − d)(b + c)∗ + (b + c)(a− d)∗]2.
Using Eqs.(57) and (60), one can easily get
C2−ME(|ψ1〉) = min{N1, N2, N3, N4}
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in case of the following inequality holds
(|a|2 + |b|2 + |c|2 + |d|2)2 ≥ M, (61)
where M = max{2(|a|4 + |b|4 + |c|4 + |d|4), 14x, 14y}.
From above calculating we know the relation between 2-ME concurrence and negativity
C2−ME(|ψi〉) = min{N1, N2, N3, N4} (62)
holds for four families of four-qubit states, while for the rest five families of four-qubit states Eq.(62) is true
under certain conditions. That is, Eqs.(62) doesn’t hold for all pure 4-qubit states unless the coefficients satisfy
certain conditions.
VI. RELATIONSHIP BETWEEN k-ME CONCURRENCE AND TANGLE FOR n-QUBIT W STATE
W-class states are important physical resource and have attracted much attention. They have been used for
many vital quantum information processing tasks [40–43], such as a quantum channel for teleportation [40, 41],
quantum key distribution [42]. In this section, we focus on the relation between two entanglement measures,
k-ME concurrence and tangle τij for W state.
For an n-qubit W-class state
|ψ〉 = a1|00 · · · 01〉+ a2|00 · · · 10〉+ · · ·+ an−1|01 · · · 00〉+ an|10 · · · 00〉, (63)
where ai are complex numbers with ∑
i
|ai|2 = 1, then one have
1− Tr(ρ2n) = 2|a1|2|a2|2 + 2|a1|2|a3|2 + · · ·+ 2|a1|2|an|2 = 2
n
∑
i=2
|a1|2|ai|2, (64)
1− Tr(ρ2
(n−1)n) = 2|a1|2|a3|2 + 2|a2|2|a3|2 + · · ·+ 2|a1|2|an|2 + 2|a2|2|an|2
= 2
n
∑
i=3
|ai|2(|a1|2 + |a2|2), (65)
· · · · · ·
1− Tr(ρ2
12···[ n2 ]) = 2|a1|
2|a[ n+12 ]+1|
2 + · · ·+ 2|a1|2|an−1|2 + 2|a1|2|an|2 + · · ·
+2|a[ n+12 ]|
2|a[ n+12 ]+1|
2 + · · ·+ 2|a[ n+12 ]|
2|an−1|2 + 2|a[ n+12 ]|
2|an|2
= 2∑n
i=[ n+12 ]+1
|ai|2(|a1|2 + |a2|2 + · · ·+ |a[ n+12 ]|
2).
(66)
Here ρ = |ψ〉〈ψ| is the n-qubit W-class state, and ρA = TrA¯ρ is the reduced density matrix of subsystem A (A¯ is
the complement of A in {1, 2, · · · , n}). We obtain the 2-tangle τij [33] of W class state ρ = |ψ〉〈ψ|
τij = 4|an+1−i|2|an+1−j|2. (67)
Specially given the n-qubit W state
|W〉 = 1√
n
(|00 · · · 01〉+ |00 · · · 10〉+ · · ·+ |01 · · · 00〉+ |10 · · · 00〉),
using inequality
t(n− t) ≥ (t − 1)[n− (t − 1)] , t ≤ [n + 1
2
], n ≥ 3, (68)
one can prove that for W state |W〉, the following equality holds,
Ck−ME(|W〉) =
√
2
k
{[(k− 1)n− k(k − 1)
2
]τij}, k = 2, 3, · · · , n,
which shows the relation between k-ME concurrence and 2-tangle of n-qubit W-state.
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VII. CONCLUSION
In summary, we show that for an n-qubit state ρ, the k-ME (k=n) concurrence is not less than the quadratic
mean of negativities N i (i = 1, 2, · · · , n) with equality for all n-qubit pure states, demonstrate that our bound
about n-ME concurrence is exact for some mixed states, and reveal the relations between k-ME concurrence
and negativity, between k-ME concurrence and polynomial invariants for 3-qubit and 4-qubit pure states. We
prove that the 2-ME concurrence of any 3-qubit state |ψ〉 equals to the minimum of the negativities (N i, i =
1, 2, 3) of |ψ〉. Meanwhile the 2-ME concurrence and negativity of the nine families of 4-qubit pure states have
similar relations. Besides, we also exhibit strong links between k-ME concurrence and polynomial invariants
for three and four qubit states, and between k-ME concurrence and tangle for n-qubit W-state. From these
clear quantitative connections between entanglement measures and polynomial invariants, one may get more
information of entanglement ways of states.
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